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and XIN-YI TANG
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Changchun, China

ABSTRACT

An alternative way is proposed to approach crosslinking reactions of
Type A, by taking into consideration intramolecular cyclization. The
sol fraction for postgelation is investigated to deduce the equilibrium
number distribution of n-mer, with the Flory-Stockmayer distribution
as a criterion. Furthermore, scaling study leads directly to a generalized
scaling law.

1. INTRODUCTION

As is well-known, the crosslinking theory for polymers was initiated by
Flory and Stockmayer [1-3]. For a system involving intramolecular cycliza-
tion, the reaction was investigated by Harris, Kilb, Gordon, Abmad, and Stepto
[4-8]. Miller and Macosko [9, 10] proposed a recursion method for dealing
with the problem of postgelation properties of network polymers. In this
paper an alternative way is proposed to approach the crosslinking reaction of
Type A, with intramolecular cyclization. For postgelation [9-14] the sol
fraction is studied in detail by taking the Flory-Stockmayer gel point as a
criterion. Accordingly, an equilibrium number fraction distribution of #n-mer
is deduced and its reliability is examined by means of the Flory-Stockmayer
distribution [1, 2] .
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In the theory of branching processes, a probability generating function
together with a differentiation technique as proposed by Gordon [15, 16]
can be used for evaluation of the moments of the distribution. Alternatively,
based on the distribution proposed in this paper, a direct differentiation
technique is used to obtain a recursion formula that is suitable for both pre-
gelation and postgelation states in evaluating the moments of the distribution
explicitly.

In the same way as in our previous paper [14], a scaling study [17, 18]
can be used without difficulty to reach a generalized scaling law, which holds
good no matter whether intramolecular cyclization is considered or not.

2. SOL FRACTION FOR POSTGELATION

In this section the sol fraction for postgelation [9-14], in which intra-
molecular cyclization is involved, is investigated by taking the Flory-Stock-
mayer gel point as a criterion.

Let us consider a crosslinking system with N monomers in which each
monomer A, keeps its g-functionality, i.e., carries 2 functional groups. Let
Pr Pt and p;"’ be the total, sol, and gel equilibrium fractional conversions,
respectively. Furthermore, each of the conversions can be separated into two
parts, such that

pt=ftp, 1)
pe=f"+p, (2)
pi'=f"+p", )

where p = fraction of functional groups that have reacted intermolecularly
p’ = fraction of functional groups that have reacted intermolecularly
in the sol
p’' = fraction of functional groups that have reacted intermolecularly
in the gel
f= fraction of functional groups that have reacted intramolecularly
f' = fraction of functional groups that have reacted intramolecularly
in the sol
f'" = fraction of functional groups that have reacted intramolecularly
in the gel.
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The relation in Eq. (1) was proposed by Gordon [7] in treating ring-chain
competition Kinetics in linear polymers. For simplicity, p, p’, and p" are re-
ferred to as the total, sol, and gel crosslinking conversions, and f, f', and f'
are the total, sol, and gel intramolecular cyclization conversions,

Furthermore, let us introduce a quantity g, referred to as the total cross-
linking probability, which is defined by

aNp p

T N_avF 1-1° @

where g takes values in the range from zero to unity. This expression shows
that g is, in essence, closely related to the total intramolecular cyclization
conversion f, which is expressible in terms of both sol and gel intramolecular
cyclization conversions ' and f'' (see Eq. 12).

Equation (4) can be rewritten as

p=(1-aq (5)
Similarly, two quantities ¢’ and ¢'" are introduced:

p'=0-f), (6)

P =(1-1")". . )

Now let us begin to deal with the sol fraction S for postgelation. Accord-
ing to the meaning of f' and p’, as defined in Eq. (2), aV'f’ means the num-
ber of functional groups having reacted intramolecularly in the sol and aN 'p’
means the number of functional groups having reacted intermolecularly in
the sol, where N’ is the total number of monomers in the sol. Then, aN' -
aN'f' -aN’p' is the number of remaining functional groups in the sol, and
these groups have the possibility to take a further part in crosslinking. Al-
ternatively, according to the meaning of f and p, as defined in Eq. (1), the
total number of remaining functional groups in the system is equal to
aN - aNf - aNp, and these groups also have the possibility to take further
part in crosslinking. Furthermore, from the meaning of ¢ introduced in Eq.
(4), the probability of finding a functional group in the system which joins
crosslinks with a certain n-mer in the sol is

aN'-aN'f'-aN'p':qS(l -f'X1-4"
aN - aNf - aNp (1-X1-q) °

q 3)
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where we have made use of Egs. (5) and (6). Note that in Eq. (8) the term

aN’—aN'f'-aN’p'=S(1 -f1-4)
aN - aNf - aNp 1-H1-9)

is the conditional probability of finding a functional group in the sol which
links with a certain n-mer.

The probability of finding a functional group in the system that is not in-
volved in crosslinking is (1 - ¢). Thus, the probability of finding a functional
group in the sol is

1-fX1-4

(1-nHi-9
If free monomer is removed from the sol, it will have, on the average, a(1 - f*)
functionality for crosslinking. Under the assumption of equal reactivity, the
probability of finding a monomer in the sol is

(l s o0 -4) a(1-f)
e (l-f)(l-q)) '

It should be noted that the exponent a(1 - f*) does not arise from an exact
probability consideration, but rather represents an average approximation.

Since the sol fraction S (= N'/N) which varies from 1 to 0 is, in essence,
the probability of finding a monomer in the sol, we have

) (1-£X1-¢) \* 0
5= ("‘“"Sm> ’ ©

which applies under the assumption of equal reactivity and the mean average
approximation (a(1 - f") functionality).

Let us deal with an alternative expression involving the sol fraction S. The
quantity S(1 - ¢') is the probability of finding a functional group in the sol
which does not participate in crosslinking. This quantity can be evaluated in
an alternative way. The probability of finding a functional group in the sys-
tem which does not take part in crosslinking is (1 - ¢). If this functional
group is in the sol, the conditional probability
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1- 1)1 - ) \2)-1
1_quqS( X1-q)
(I-N1-9)
should be considered. Thus, we have

ST = A\ a(1=f)-1
S(l a q))

10
(a-N1-9) (10

S(1-4q)=(1-q) (1-q+

Equation (10) holds under the assumption of equal reactivity and the mean
average approximation (a(1 - ') functionality).
Furthermore, solving Eqs. (9) and (10) leads to

1-q \20)

Since the gNf functional groups that have reacted intramolecularly are
given by the sum of aNSf' and aN(1 - S)f"' functional groups and these have
reacted intramolecularly in the sol and in the gel, respectively, we have

=8 +(1-8r" (12)

Similarly, we have

(1-Na=81-fHg +(1-85)(1-")". (13)
When § approaches unity, the above two relations give

fe=f' forS=1 (14)
and

qGc=qc, forS=1, (15)

respectively, where the symbol ¢ signifies the critical point of the sol-gel
transition.
Now let us express g, ¢, and g¢"' in terms of the sol fraction .
Combining Eqs. (9) and (11) gives
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1-st/e
q—l_ l_‘_f’s(a*-l)/a* (o
1-f
and
g=1-(1-gs (17)
with
=a(l-f"). (18)

When the two expressions of g and g’ are substituted in Eq. (13), ¢"" is ob-
tained:

q'= 1-7 [1 - slfa*
(-1 - S)( - S(”* “’“*)

+(.l_;f.) (s(za*—l)/a*_s2(a*-1)/a*>]. (19)
1-f

When the sol fraction S tends to unity together with £ - f,, the expres-
sions for ¢, ¢', and ¢’ become indeterminate. Asboth fand f’ are continuous
in the neighborhood of S = 1, they can be taken as parameters without involv-
ing differentiation. Thus, application of the L’Hospital’s rule by taking only
the sol fraction S as variable leads us directly to the results

. 1
9= T (20)
"= 2 #3))

e " aa-ny

Substituting q,, g, and g, in Eags. (5), (6), and (7), and then further sub-
stituting the results in Egs. (1), (2), and (3), we find that

1- +1-2
ptc=ptc'=(1-fc)qc+fc=”f0(a(1f‘f)) ] e | (22)
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I " " r 2+af¢'”
Pre =(1-fc )ge +fc = e ) (23)

where py¢, prc’, and ps.” are the gel points with respect to the total, sol, and
gel equilibrium fractional conversions, and the three different forms charac-
terize the same gel point of the sol-gel transition in an equivalent manner.

If the intramolecular cyclization conversion in the sol is not considered,
the expression for p,. in Eq. (22), by putting f, = 0, can be reduced to the
form

1

Pic(fc=0)= —. (24)
a-1

By comparison of Egs. (22) and (24), we find that the inequality

1

Ptc > Pic(fe = 0) = T (25)

holds true. This inequality agrees with the experimental fact that the ob-
served py, is larger than 1/(a - 1).

As the inequality in Eq. (25) is deduced in this paper from the two ex-
pressions for the sol fraction S for postgelation in Egs. (9) and (10), it leads
us to believe that these two expressions involving the intramolecular cycliza-
tion are reasonable.

Furthermore, the total equilibrium fractional conversion p; = f + p in Eq.
(1) can be rewritten in the form

p=pi (1%) 26)

where the quantity f/p; is the total probability of intramolecular reaction de-
fined by Ahmad and Stepto [8], i.e.,

A= f/p;. (27)
We can recast the expression of the gel point in Eq. (22) in the form

_ 1= Acpec
(1-ANa(1 - Aepre) - 1)

Ptc (28)
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with
Ae =felPre. (29)

Note that at the gel point we have Aop; =f, << 1. When terms in Ap;, are
neglected, the expression for p;, becomes the result of Ahmad and Stepto [8],

=0)= — . 30
Pre(AePyc ) (1-2)a- 1) (30)
It is evident that the order
Pre > Pic(AePre = 0) > pre(fe = 0) 3D

holds true.

In this section we previously introduced 13 quantities (s, p;, pr, .1, ",
p,p. 0", q, 4, q", S)subject to the 10 relations given in Egs. (1), (2), (3), (5),
(6), (7), (9), (10), (12), and (13), and thus only three of the 13 quantities are
independent. When the three independent quantities taken as observables are
suitably chosen, such as p;, p,’, and S, the remaining 10 can be evaluated with-
out difficulty.

3. EQUILIBRIUM NUMBER FRACTION DISTRIBUTION OF
n-MER AND THE MOMENTS OF THE DISTRIBUTION

In this section an equilibrium number fraction distribution of n-mer is pro-
posed, and its reliability is examined by means of Flory-Stockmayer distribu-
tion [1, 2]. Furthermore, based on the distribution, a direct differentiation
technique is used to obtain a recursion formula which is suitable for both pre-
gelation and postgelation in evaluating the distribution moments ex plicitly.

If the equilibrium number fraction distribution of #n-mer Py, is given, its
kth moment My, can be evaluated by

Mk=zn"P,,, k=0,1,2,.... (32)
n

In this paper NP, gives the number of n-mers in the sol, where V is the
total number of monomers in the system. It follows that NM, = :IZNP,, is
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the total number of #-mers withn =1, 2, . . ., in the sol. Now let us discuss
the quantity aN 'p’, which is the number of functional groups having partici-
pated in crosslinking in the sol. It is obvious that aV 'p’/2 is the number of
pairing functional groups in the sol which have reacted in crosslinking. Thus,
N' -aN'p'[2 is the total number of n-mers in the sol to give

aN’ r
NM0=ZNP,,=N’-T’1. (33)
~ 2

This expression can be further reformulated in terms of ¢ and a*, with the
aid of Eqs. (6) and (18), in the form

a*q'
M0=ZP,,=S(1- 24 ) (34)
n

where we have made use of the expression for the sol fraction, § = N'/N.
Now let us turn our attention to the expression for the first moment M; .
By considering the meaning of NP,, mentioned above, nVP, is seen to be
equal to the number of monomers involved in the n-mer in the sol. Then
%)nNPn is just the total number of monomers in the sol, N, i.e., NM; = N',

to give

M, = Z nPy =S, (35)

n

where S = N'/N has been used as above.

We shall see that the equilibrium number fraction distribution Py, can be
deduced from the zeroth moment by means of Eq. (34), and can also be used
to evaluate the first moment M; to give a result in agreement with Eq. (35)
obtained by intuitive reasoning.

Now let us begin to deduce the number distribution P, from the zeroth
moment M, in Eq. (34) by means of a Lagrange expansion.

With the aid of the sol fraction expression in Eq. (11), the zeroth moment
in Eq. (34) can be rewritten as

g (22 ()
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to give
a*\ qg*z°"-1
Moz(l‘q)a*[za*(l-g)‘* 5 , 37
where we have made use of the substitution
1
Z= I—_q_l . (38)

Let us rewrite the sol fraction in Eq. (9) in the form

S(l-f)(l-q) .

stla* =1 _q+
(1-N1-9)

(39)

When the sol fraction S on both sides of this equation takes the form used in
Eq. (11), we have

1- 1-f" (1-q\*"1
e (1) 0

On substituting the quantity Z in Eq. (38) into this equation, we find, after
dividing by the factor (1 - ¢),

Z=1+t(2) (4D
with
1-f .
t= -_; a(1-q""2, (42)
oZ)=2z0""1, (43)

Furthermore, the expression for the zeroth moment M, in Eq. (37) can be 1e-
garded as a function of Z,

ol e f, @\, @z
R2)=My =(1-q) <z" <1-f’5>+” _ > (44)
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and with Z = 1 it takes the form
A)=1-q". (45)

By means of Lagrange’s expansion theorem [19], AZ) in Eq. (44) can be ex-
panded as a power series in ¢ by the formula

2= f11) +z; (’::.11)! { ;Zzz (22 (¢(Z))"‘1] f .. o

in which ¢ from Eq. (42) and ¢(Z) from Eq. (43) are involved. This expansion
formula is subject to the restriction condition given by Eq. (41).
Through a straightforward calculation, we get, by use of ¢(Z) in Eq. (43),

d"? rdfz) n-1 _a*(1-q) T(a*n-n+1)
{dZ"'2 [712- (¢(Z) ) ] }Z=1— nl(a*n-2n+3) “47

where I' stands for the Gamma function.
Substituting ¢ as given by Eq. (42), A(1) given by Eq. (45), and the differen-
tiation form given by Eq. (47) into the Lagrange expansion (46) gives

Moy = ZP,,, (48)

where
1_ ryn-1 "
Pn - Cn(,f')< __f > qn—l(l _q)ﬂ n-2n+2 (49)
1-f
with
.. a*T@*n-n+1)
Cn(f)= (50)

n'M(a*n-2n+3)

It should be noted that P, is the equilibrium number fraction distribution of
n-mer, which involves the total intramolecular cyclization conversion f and
the intramolecular cyclization conversion in the sol f'.

Now let us examine the reliability of the number distribution P, by
means of Flory-Stockmayer distribution [1, 2].
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When the expressions for f and p in Egs. (12) and (5) are introduced in
p:=f+pin Eq. (1), we obtain

pr=f'S+(1-8)f"+(1-Ma. 1

For a crosslinking reaction, if intramolecular cyclization in the sol is not con-
sidered, i.e., f' = 0, the total equilibrium fractional conversion p; becomes

pr=q+4, forf'=0 (52)
with
A=(1-8Y1-q)". (53)

This p; for f' = 0 is, in essence, the equilibrium fractional conversion of Flory
and Stockmayer [1, 2].

For pregelation as the intramolecular cyclization conversion in the gel, "',
vanishes, we have

A=0 54)
to give, from Eq. (52),
pr=q, forf'=f"=0. (55)

This relation can help us to reduce the distribution P, in Eq. (49) directly to
the result

P = Calp)*"1(1 - pry" 212 (56)
with
- n)!
c, = alan - n) (57)
nl(an-2n+2)!

This form is the well-known Flory-Stockmayer distribution [1, 2].
For postgelation as the sol fraction S changes from unity to zero and g
changes from g, to unity, we have

(1-8X1-¢9)<<1. (58)
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At the starting and end points for postgelation, i.e., §= 1 and § = 0, the small
quantity (1 - S)(1 - @) takes the value of zero.

Since the intramolecular cyclization conversion in the gel ' is always less
than unity, the inequality

A=(1-S)1-qf " <(1-5)1-9)<<1 (9

holds true.
Finally, we see from p; = q + A for f' = 0 in Eq. (52) that we have

Pr-q=A<(1-8SY1-q)<<1, forf'=0. (60)
It follows that, as a good approximation, we have
pr~q, forf'=0. (61)

In order to simplify our discussion, we rewrite the distribution P, in Eq.
(49) in the form

Py =Co(f )1 - YNy (1 - )" (- (- @) 7, (62)

in which the quantity (1 - f)(1 - g) can be further expressed in terms of the
total fractional conversion p; in Eq. (1), in view of Eq. (5),

a-N1-g)=1-p;. (63)
On substituting this, the distribution in Eq. (62) takes the form
Py = Ca(f X1 - £ 1@ (1 - T (- )t (64)

When the intramolecular cyclization conversion in the sol, f', is not considered,
the distribution in Eq. (64) becomes

Pr=Cug" 11 - " (1 - pp)t",  forf' =0, (65)

where p; for f' = 0 is, in essence, the total fractional conversion of Flory and
Stockmayer, and C, is as given in Eq. (57).

For postgelation with the good approximation p; ~q for f' = 0 in E? (61),
the terms ¢~ and (1 - ¢)**"*! in Eq. (65) can be replaced by (p;)""! and
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(1- Pt)a”'"ﬂ, respectively. Thus, the distribution P, of Eq. (65) reduces
immediately to the Flory-Stockmayer distribution.

We now turn to the recursion formula for polymer moments.

By making use of the number distribution P, in Eq (49), the kth moment
My can be expressed as

1_f' n-1 .
My = ZCn(f”)(Tff> n*q" (1 - g 22 fork=0,1,2,....
n
(66)

Differentiation of this equation with respect to g gives

1 oM,
Mk+1=* q(l_q)—_l_c-+(1_q)Mk » fOrk=O,1,2,....
1-(a*-1) dq
(67)

This is the recursion formula for the distribution moments.

On substituting the zeroth moment M, of Eq. (34) into the recursion for-
mula, this gives, through straightforward calculations, the first moment M, in
the form

M, = Z nP, =S, (68)
h

in accordance with Eq. (35) which had been obtained by intuitive reasoning.
The expression of the zeroth moment M, for postgelation in Eq. (34) can
be extended to pregelation. For pregelation (¢ <g,.),S=1andf" =0. Then
from Egs. (12) and (13) we have f' = fand ¢’ = q. By substituting § =1,
f'=f,and ¢’ = q in Eq. (34), we obtain directly My = 1 - a(1 - f)q/2 for pre-
gelation. Thus, the zeroth moment M, for both pre- and postgelation can be

written as
a(l-1q
- forg <gq,

1 ,
2
M, = E”" = - (69)

a(l -
n S(l——('-—z-—]l>, forq = q,.

Obviously, the first moment M; for both pre- and postgelation takes the forms
(by means of Eq. 35)
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My = nPy=

n

1, forg<q,
(70)

S, forq=>q,.

Furthermore, application of the recursion formula (67) to the first mo-
ment M, in Eq. (70) gives the expression for the second moment M, expli-
citly:

,
1-(a*-1)g
M, = Zn2Pn = (71)
n T1(q)
——, forg=q,
(@*-1)g-1
with
Vi@ =1+gq, (72)
a5
T =- (a01- o+ (1 0s), (73)
" (1 L7 S(a*—l)/a*) ga*-1)/a*
as 1-1
. - . (74)
R Y T - 7 s@r-Dia*

Note that the symbol a* = a(1 - ") has been defined in Eq. (18). The second
moment M, becomes infinity at g = g, where g, is as given in Eq. (20). This
singularity property shows that the sol-gel transition happens.

By successive recursion, we obtain the third moment explicitly,

_K&_ , forg<yg,
[1-(a*-1)q]?
M = ZMP,, = (75)
n T3(q) forg>q
bl {8}

[(@* - Dg-1]*°
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with
V3(q) = (@* - 1)g(1-q)(1+q) + [1-(a* - 1)q] (1 +3q), (76)

T3(q) = -[(@* - Da(1 - )+ (1 - @ - D)1 +a)] [q(1 - q>§_j-

2
+(1+)5] (1 - @* - DaaC1 -0) (@ -3 +5+ a1 02?).

aq2
(an
where
2 ' t
E = L [(a* -1y SYet L3 1-f S(a*-2)ia*)
2 t
aq (a* _ I)q}—i S(a*_2)/a* _ 1 1 "f
1-f
s * - 1)(a* - 21 -f {35\
35 @ D@ =201 e (3] 8
9q a*(1-f) aq

Note that 35/9q is given explicitly in Eq. (74).

Taking the expression for M5 in Eq. (75) as the starting point for the recur-
sion, one can find, by repeated application of the recursion formula (67), that
a general expression of the kth moment for k > 3 can be expressed as

Vi(a)
, forg<
[-@ - pgks %
My = Z nkp, = (79)
T
n x(@) for g > q,,

[(a* - 1)g - 1]2k-3"
where Vi(q) and Ty(q) are subject to the same recursion formula
Hy(@) = (& - $Ya* - (1 -1+ (1 @ - D) (01 + ey

0Hy1

+q(1 -
q(1-q) %

), k=3,4,5,..., (80)

with
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Vi(q), forg<
Hy = { k(@) q4<4c @1

Tx(q), forg=qc.

This recursion formula can be used repeatedly in evaluating the explicit form
of the My moments.

4. SCALING STUDY OF SOL-GEL TRANSITION

In this section, as we have done in a previous paper [14], a scaling study [17,
18] can proceed without difficulty.

Let us consider the polymer moments near the gel point, i.e., |g - g, | <<1.

As in the neighborhood of g., the total intramolecular cyclization conver-
sion f and the intramolecular cyclization conversion in the sol f’ vary steadily,
and so they can be taken as parameters not subject to differentiation. Thus,
(dS/dq)q,, can be evaluated by Eq. (74) to give

_(ds ) _2a(1-f)la(t - fe) - 1]
qc

A1= —_
dq a(l-1c)-2

, (82)

where we have made use of L’'Hospital’s rule.
It is easy to find V(g) and T»(g) in Egs. (72) and (73) at the gel point by
writing
_ Va(qe) _ T2(qc) _ a(l-fe)
2= = : = .
al-fo)-1 a(l-foy-1 [a(l-f)-1]2

(83)

By taking Vy(q.) and T2(q.) as starting points, repeated application of
the recursion formula in Eq. (80) can lead us to the result

Ax =Vi(ge)la(l-1;) - 1]3-2k = Tr(qc)a(1 - 1) - 1] 3-2k

_(@k-5al -fola(l -fo) - 262 (84)
[a(1- 7o) - 1] 354 ’ o

Consequently, when | g - q. | << 1, the sol fraction S in Eq. (11) takes
the form, by use of 47 in Eq. (82),

S=1-A1(a-q0), forg>q,. (85)
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Since
S+G=1, (86)
we have, from Eq. (85),
G=A41(g-4qc), forq=qc. 87)

From Eqs. (71) and (79) we obtain immediately My for k > 2 by use of
Ay in Egs. (83) and (84):

Ag

i2k—3 ’

k=2,3,..., (88)
lq-qc

My = J.o nkﬁ;,dn-‘-

where ﬁ,, is defined as the asymptopic form near the gel point of the number
distribution P, in Eq. (49).

Now let us deal with the asymptopic form of the number distribution Py,
in Eq. (49). From Eq. (88) we introduce X%, defined as

oo
.’.o nk P,dn Ay 5
Xp= 2= lg-qc1°, k=2,3,..., (89)

J'°° nk+13 Ak+1
0 Pydn

to recast the Ath moment as well as the (k + 1)th one into the forms

o (Ap)k-QID)
k = x, Bk
fo n® P,dn (Ak+1)k"(3/2)X (90)
and
00 A k‘(1/2)
J 1B = L2 X, /2k, ©1)

Differentiating both sides of Eq. (90) with respect to X and then taking into
consideration Eq. (91) yields

-] dﬁ 3 ~
J n"[ "+(k-—)npn]"”=o, k=2,3,..., ©2)
0 ka 2
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to give
p 3 ~
cy—)”—+(k~—)nP,, =0, k=2,3,..., 93)
dXy 2

with the solution
- 3
Py, = (C(n,k) exp [— (k - E)nXk] . (94)

We shall see that the asymptopic form ﬁn is, in essence, independent of k.
By the procedure we used in a previous paper [14], the integration con-
stant C(n,k) in Eq. (94) can be determined by

C(n,k) = Byn™5/2 (95)
with
Br=B=a(l - f)[2n(a(1 - £2) - D)(a(1 - f,) - 2)]"/2 (96)

As By is independgnt of &, the symbol £ is deleted, i.e., By = B, and the
asymptopic form P,,; can be rewritten as

~ 3\ n
Py =Bn"T exp [—(k——) ], k=2,3,..., )

2 )ngi)
where
7=5/2 ©8)
and
with

g=1/2. (100)
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The quantity ng(k) is a generalization of the typical size with k = 2 defined
by Stauffer [18]. 5

It is clear that the factor (k - 3/2) in Py in Eq. (97) can be canceled by the
same factor in n¢(k), and thus the asymptopic form P, though formally de-
pendent on £, is, in essence, independent of k. We also find, from n¢(k) and
B, that the intramolecular cyclization conversion f¢ is involved in the asymp-
topic form P, in Eq. (97).

By the same method as in a previous paper [14], the scaling study can be
done without difficulty. For brevity, we only state the final results without

proof (for details, see Ref. 14).
Near the gel point, the kth moment My in Eq. (89) can be expressed as

oo 3 n
My =f Brn*Texp |- (k' -—)—— ldn
° 2 ng(k)

=Ar|lq-qcl”"%, kK =23,..., (101)
with
Yk =2k -3, (102)

and the gel fraction G in Eq. (87) can be written as

® , 3\ n
G=2Bf ntTexp | -{k -=)—— |dn
0 2 nE(k)

8

=A1(g-q.), forq=gq,, (103)
with

B=1. (104)

For the sol fraction S in Eq. (85), we have

e 3\ n
S =DBJ.o n! " exp [— (k'—~)——,—]dn
2/ ng(k)

=1-41(q-q.), forq=>gqc, (105)
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with
2

) 106
A1(g-49c) ( )

where the critical exponents 7, 0, §, and g for k 2> 2 satisfy the relations
7-2=0f (107)
k+l-1=0v, k=2,3,.... (108)

These relations are generalizations of the scaling law, with & = 2, due to Stauffer
[18].

As the generalized scaling law given in Eqs. (107) and (108) agrees with the
law in a previous paper [14] that did not involve intramolecular cyclization,
the generalized scaling law holds for the A, crosslinking reaction, no matter
whether intramolecular cyclization is involved or not.

5. CONCLUSIONS

This paper deals with the problem of pre- and postgelation properties of
network polymers of the A, type involving intramolecular cyclization in the
sol. With the assumption of equireactivity and the mean approximation of
intramolecular cyclization in the functional groups, expressions for the sol
fraction are used to deduce an equilibrium number-fraction distribution of
n-mers in which intramolecular cyclization in the sol is involved. Based on
the distribution, a direct differentiation technique is utilized to obtain a re-
cursion formula that is suitable for both pre- and postgelation in evaluating
the distribution moments explicitly.

In the same way as in a previous paper [14], a scaling study can, without
difficulty, reach a generalized scaling law which holds no matter whether in-
tramolecular cyclization is considered or not.
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